L9: Lagrangian Dynamics

Hao Su

Spring, 2021

The flow and some contents are based on ECE5463 taught at Ohio State University by Prof. Wei Zhang
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e Lagrangian Method

e Example: Inverted Pendulum

e Example: Cart Pole

e Example: Single-Object Dynamics

e Example: Robot Arm

click to jump to the section.
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Dynamics Example: Grasp

e Consider the right grasp problem

A A
Ci e
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P4 /
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Figure 5.14: Grasp coordinate frames.
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Dynamics Example: Grasp

e Consider the right grasp problem
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Figure 5.14: Grasp coordinate frames.
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Dynamics Example: Grasp

e Consider the right grasp problem

L A
o Assume that we are grasping this box using two :
W % S
> We apply torques at each joint through the b o resmion e o
installed motors
y \
A /
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Figure 5.14: Grasp coordinate frames.
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Dynamics Example: Grasp

e Consider the right grasp problem

A A
o Assume that we are grasping this box using two :
arms %7 -0
> We apply torques at each joint through the b o resmion e o
installed motors
> These torques will be passed to the tips of
the fingers.
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Figure 5.14: Grasp coordinate frames.
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Dynamics Example: Grasp

e Consider the right grasp problem

A A
o Assume that we are grasping this box using two :
arms % -
> We apply torques at each joint through the b o resmion e o
installed motors
> These torques will be passed to the tips of
the fingers.
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Figure 5.14: Grasp coordinate frames.

3/41 < step-3



Dynamics Example: Grasp

e Consider the right grasp problem

o Assume that we are grasping this box using two
W % S

> We apply torques at each joint through the b o resmion e o
installed motors

> These torques will be passed to the tips of
the fingers.

Q1: How to compute force at the tips from the S, p

torques at joints?
Figure 5.14: Grasp coordinate frames.
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Dynamics Example: Grasp

e Consider the right grasp problem

o Assume that we are grasping this box using two
e % T o0

> We apply torques at each joint through the b o resmion e o
installed motors

> These torques will be passed to the tips of
the fingers.

01: How to compute force at the tips from the S, =
torques at joints?
Figure 5.14: Grasp coordinate frames.

02: To keep the box static, what is the balance
condition?
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Dynamics Example: Grasp

e Parameterization
> @ € R": vector of joint variables

o 17 € R": vector of joint forces/torques
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Dynamics Example: Grasp

e Parameterization
> @ € R": vector of joint variables

o 17 € R": vector of joint forces/torques

e Task

o Forward dynamics: Determine acceleration 0 given the state (9, 9) and the joint forces/torques
0 = FD(T; 6, 9)
> Inverse dynamics: Finding torques/forces given state 0, 0 and desired acceleration @

r =1ID(6;86,6)
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Lagrangian vs. Newton-Euler Methods

e There are typically two ways to derive the equation of motion for an open-chain robot: Lagrangian method
and Newton-Euler method

Lagrangian Formulation Newton-Euler Formulation
> Energy-based method © Balance of forces/torques
o Often used for study of dynamic properties and o Often used for numerical solution of

analysis of control methods forward/inverse dynamics
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Lagrangian Method
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Generalized Coordinates and Forces

e Consider k particles. Let f; be the force acting on the z2th particle, p; be its position.
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Generalized Coordinates and Forces

e Consider k particles. Let f; be the force acting on the z2th particle, p; be its position.

e Now consider the case in which some particles are rigidly connected, imposing constraints on their
positions

aj(pli"'apk):(): 7=1,...,n,

where n. is the number of constraints
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Generalized Coordinates and Forces

e Consider k particles. Let f; be the force acting on the z2th particle, p; be its position.

e Now consider the case in which some particles are rigidly connected, imposing constraints on their
positions

aj(pli"'apk):(): 7=1,...,n,

where n. is the number of constraints

e k particles in R® under n, constraints = 3k — n. degree of freedom
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Generalized Coordinates and Forces

e Consider k particles. Let f; be the force acting on the z2th particle, p; be its position.

e Now consider the case in which some particles are rigidly connected, imposing constraints on their
positions

aj(pli"'apk):(): 7=1,...,n,

where n. is the number of constraints
e k particles in R® under n, constraints = 3k — n. degree of freedom

e We introduce n := 3k — n. independent variables g;'s, called the generalized coordinates

{ aj(pla ¢ v apk) =0

3 = Laws v 5 Tl

N {pi:')’i(qla"'&qﬂ)

i=1,....k
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Generalized Coordinates and Forces

e To describe equation of motion in terms of generalized coordinates, we also need to express external
forces applied to the system in terms components along generalized coordinates. These "forces" are called
generalized forces.
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Generalized Coordinates and Forces

e To describe equation of motion in terms of generalized coordinates, we also need to express external
forces applied to the system in terms components along generalized coordinates. These "forces" are called
generalized forces.

e Generalized force F; and coordinate rate ¢, are dual to each other in the sense that F'' § corresponds to
power, the derivative of energy
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Generalized Coordinates and Forces

e To describe equation of motion in terms of generalized coordinates, we also need to express external
forces applied to the system in terms components along generalized coordinates. These "forces" are called
generalized forces.

e Generalized force F; and coordinate rate ¢, are dual to each other in the sense that F'' § corresponds to
power, the derivative of energy

e The equation of motion of the k-particle system can thus be described in terms of 3k — n,. independent
variables instead of the 3k position variables subject to n. constraints.
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Generalized Coordinates and Forces

e To describe equation of motion in terms of generalized coordinates, we also need to express external
forces applied to the system in terms components along generalized coordinates. These "forces" are called
generalized forces.

e Generalized force F; and coordinate rate ¢, are dual to each other in the sense that F'' § corresponds to
power, the derivative of energy

e The equation of motion of the k-particle system can thus be described in terms of 3k — n,. independent
variables instead of the 3k position variables subject to n. constraints.

e This idea of handling constraints can be extended to interconnected rigid bodies (robot arm).
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Lagrangian Function

e Now let ¢ € R" be the generalized coordinates.
¢ Lagrangian function: L(q, q ) — T(Q: q ) - V(Q)
> T'(q, q): kinetic energy of system

V(q): potential energy (given by some conservative force, e.g., gravity, electrostatic force)
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The Principle of Stationary Action

e Given a pair of time instants, ¢; and ¢

e What is the curve q : [t1, t2] — C in the generalized coordinate space C? qa, t

Wikipedia: Stationary Action Principle
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The Principle of Stationary Action

e Given a pair of time instants, ¢; and ¢

e What is the curve q : [t1, t2] — C in the generalized coordinate space C?

e Action is defined to be a functional of g(%):

Slq] =/ZL(q,d)dt=/Z[T(q,é)—V(Q)]dt

(3] t

Wikipedia: Stationary Action Principle
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The Principle of Stationary Action

e The actual curve g(t) is a stationary point of the S|q]|:

Vo : [t1,t3] = C, lim l(S[q—l— ed] — Slq|) = o (1)

E—0 €

e Note: Treating q as a variable, and (1) is an extension of the first-order

optimality condition that we use in calculus:

VQS [g] — 0 Wikipedia: Stationary Action Principle
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The Principle of Stationary Action

e The actual curve g(t) is a stationary point of the S|q]|:

Vo : [t1,t3] = C, lim i(S[q—l— ed] — Slq|) = o (1)

E—0 €

e Note: Treating q as a variable, and (1) is an extension of the first-order
optimality condition that we use in calculus:

VQS [g] — 0 Wikipedia: Stationary Action Principle

e Using variational method, condition (1) becomes

d 0L 0L

dt Oq 0q =0
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A Simple Example

¢ Consider a point with mass m and velocity v is falling down to the ground due to gravity, g is gravitational
acceleration

1,

L = Em'u — mgh

e The generalized coordinate is h and no external force are applied on this system, then

d OL OL
= ma, — = Mg

dt Oq ' Oq

e Therefore we get

ma — mg = 0
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Euler-Lagrange Equation

e When there are external non-conservative generalized force F' € R" added to the system (e.g., torque at
robot arm joints), we have the following Euler-Lagrange equation:

d 0L OL

F:dtaq' dq

(Euler-Lagrange Equation)
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Logic behind Concepts in Lagrangian Dynamics

g (gen. coordinate) dt
e /
\l ﬁ)
m (gen. inertia) d (gen. velocity)

o B

T (kinetic energy)

dual __—

power /
—_ -

F (gen. force)
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Example: Inverted Pendulum

(describe using spatial frame)
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Inverted Pendulum

e Kinetic energy: T' = 1m(61)?

e Potential energy: V = mgl cos 6

A schematic drawing of the inverted
pendulum. The rod is considered
massless.
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Generalized Coordinates and Force

e The generalized coordinate of the system is 6.
e What is the generalized force?

e Recall that the inner product of generalized force and generalized
velocity is the input power, so we think from the perspective of
power

A schematic drawing of the inverted
pendulum. The rod is considered
massless.
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Generalized Coordinates and Force

e The generalized coordinate of the system is 6.
e What is the generalized force?

e Recall that the inner product of generalized force and generalized
velocity is the input power, so we think from the perspective of
power

e Assume the coordinate of mis (z,y),so P = f %

. . . d9 . . dﬂ:
e If F'is a generalized force, then Fq = F-- = P = f+*

e Therefore, F = % A schematic drawing of the inverted

_ pendulum. The rod is considered
e Butx = —Isinf,so F' = — flcosé.

massless.
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Lagrangian Equation

L =T — V: %ml2é2 — mglcosl9 f_' )
F'= —flcos@
d OL OL

and we have

® Plugin F' = 3 ¥ 5

ml = —fcos + mgsin @

¢ In Newton's system, the left is ma and right is the total force

tangential to [. A schematic drawing of the inverted

pendulum. The rod is considered
massless.
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Example: Cart Pole
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Cart Pole

¢ Kinetic energy: 1 = %M 'U% + %mv2

2
e Assume the joint position is [z (), 0]*, then
. N Y.

o va = (& (z — £sin 9))2 + (£ (£ cos 19))2

e Further computation shows that

T = %(M—I—m):i:Z—m&i:écosG—l—

e Potential energy: V = mgl cos @

1

—m
2

026°

M f 5

f"f’fﬁ'f’f’f'ﬁf;;IIHIIEII;;K;"E}'!HH!I

A schematic drawing of the inverted
pendulum on a cart. The rod is
considered massless.

https://en.wikipedia.org/wiki/Inverted pendulum
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Generalized Coordinates and Force

e First of all, note that there is an external force £, and the joint is
an Underactuated joint (i.e., no torque at the joint)

e The generalized coordinates of the system are ¢ = |z, Q]T, each
should have a generalized force.

e What are the generalized forces?

M f 5

f"ff'f’ff'fff;;IIIIEEII;;K;’EK:’HH!I

A schematic drawing of the inverted

pendulum on a cart. The rod is
considered massless.

https://en.wikipedia.org/wiki/Inverted pendulum
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Generalized Coordinates and Force

e First of all, note that there is an external force £, and the joint is
an Underactuated joint (i.e., no torque at the joint)

e The generalized coordinates of the system are ¢ = |z, Q]T, each
should have a generalized force.

e What are the generalized forces?

e The input poweris P = f g—f

e Therefore, [f,0]" is the generalized force dual to [z, 6]*

M f 5

f"ff'f’ff'fff;;IIIIEEII;;K;’EK:’HH!I

A schematic drawing of the inverted

pendulum on a cart. The rod is
considered massless.

https://en.wikipedia.org/wiki/Inverted pendulum
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Lagrangian Equation

L=T-V
1 .9 . 1 5.2
=§(M—I—m):r: — mlz6 cos 6 + Emf@ — mgl cos 6
Fz[st]T
e Plugin F' = éit gé‘ ‘Zﬁ’ , and we have

(M + m)& — ml cos 60 + misinf) — f
10 — gsin® — % cosf = 0

M f 5

f"ff'f’fff"ff;;ff'ffff!f’;;f’fff!ffff

A schematic drawing of the inverted

pendulum on a cart. The rod is
considered massless.

https://en.wikipedia.org/wiki/Inverted pendulum
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Example: Single-Object Dynamics
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Setup

e Consider a moving body that is only affected by a force-torque pair (in the sense of the conventional force
and torque)

JC

/e
L7

< /|
4 vl
e

b

l
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Prep: Derivative of Acceleration

e Like for velocity, we use the following rule to compute the gradient of velocity in an arbitrary observer's
frame:

t—t,

e Different from the definition of velocity, acceleration only has one subscript

e We clone a frame s(%;) when taking the derivative, so the definition of acceleration is invariant to s(t)
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Prep: Derivative of Acceleration

- . . - - 3 t t
e Spatial acceleration (spatial frame is an inertia frame): 328 — %sztS S(0) |,
—LQ

e Body acceleration:

Ao Ao ) b d )

g Us(to)—b(t) — g L¥b(t)—b(to) Uste)—bi(t)

s(t) _ ps(t) b(t)
s(0)=b(®) — Toa(t)b() Vs()—sb(2)

both the spatial and body frames).

, you can verify that Rzgg_}s( 0 a®lt) = qb() (so that f° = ma?® for

¢ The second term in the body-frame acceleration is the Coriolis acceleration.
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Body-Frame Lagrangian Derivation

e Recall that the kinetic energy 1’ is:

1 () T oypyb gb(t)
X = 5(53(15)—}5@)) m gs(t)—nrb(t)
i i .
where 9t° = Wit ¥ c R®*% and ¢b = v
|0 I° | w?
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Generalized Velocity and Force

.fb(t) _ and (Fb(t))TEb(t) __ dT
+b(t) - dt

o implies that (&'b(t), F b(t)) is a dual pair

o Ft) s generalized force and .‘;‘b(t) is a generalized velocity

e Recall that we introduced F°(t) — l
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Generalized Velocity and Force

.fb(t) _ and (Fb(t))TEb(t) __ dT
+b(t) - dt

o implies that (&'b(t), F b(t)) is a dual pair

o Ft) s generalized force and .‘;‘b(t) is a generalized velocity

e Recall that we introduced F°(t) — l

e Therefore, we can plug them in Euler-Lagrange equation:

w_ d 0L oL

= %9 (Euler-Lagrange Equation)
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Body-Frame Lagrangian Derivation

e Since the object is only affected by a force-torque pair, there is no potential energy in this problem.

e Lagrangian function: L =T
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Body-Frame Lagrangian Derivation

e Since the object is only affected by a force-torque pair, there is no potential energy in this problem.
e Lagrangian function: L =T

e Therefore, the Lagrangian equation becomes

dt v
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Body-Frame Lagrangian Derivation

e Since the object is only affected by a force-torque pair, there is no potential energy in this problem.
e Lagrangian function: L =T

e Therefore, the Lagrangian equation becomes

d oOL -
di 855@)
e Recall that we have derived that
1 1 1
L = E(eb(t))Tgmb(t) ¢£b®) — E,‘,,n”,vl:'(vf)”2 E (wb(t))T 70,0

OL __ b(t oL __ rb, Jb(t
e Therefore, 2 — TV t) = Tb¢b()

29/41 < step-29



Body-Frame Lagrangian Derivation

d 6L - b(t) 6.[/ - b(t) 3L b b(t)
oo T 0 ™ g 1Y
e Therefore,
d OL d d
b(to) 4 b(to) o G b(E) b(to) b(to)
U = oblte) Tt slte)=b(t) U Qg - s(te)—b() . MW 0 b0 Vstio) (o)

d OL d b d

b(to) 4 op, b(t) _ b 9 b(?) b(to)1 T, b(to)

T d¢ 8wb(tﬂ) D dt I ws(to)%b(t) 5 i =1 dt wS(tﬁ)%b(t) t—t, T [w ]I W
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Body-Frame Lagrangian Derivation

d 6L - b(t) 6.[/ - b(t) 3L b b(t)
oo T 0 ™ g 1Y
e Therefore,
d OL d d
b(to) oy 2 0(t0) oy 2 b() b(to) b(to)
f dt Hodlt) L dt 'vs(tﬁ)—w(t) — A dt vs(t{})%b(t) et T m[ws(tg)—}b(tg)]vs(tg)—}b(t{})
d 0L d b d
b(ty) __ _ 4 o, B(2) _ b 9 b(?) b(to)1 T, b(to)
L - dt Owob(to) - dt £ wS(to)%b(t) bt =1 dt wﬂ(tu)—}b(t) t=t, T [w ]I ol

L0 I°) [P WP x TP -

_mId3><3 0- _’I'Jb:| _wbxmvb_ fb-
- = |7,

in which the precise definition of symbols are as above.
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Spatial-Frame Lagrangian Derivation

e The kinetic energy 1’ can also be computed by spatial frame velocities:

1 1
T — _m”,vs(t) H2 + = (ws(t))TIsws(t)
2 2
i fs(t) " " 5(t) T
e Force-velocity duality: and form a duality pair
| (1) | w3 |
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Spatial-Frame Lagrangian Derivation

e The kinetic energy 1’ can also be computed by spatial frame velocities:

1 1
T — _m”,vs(t) H2 + = (ws(t))TIsws(t)
2 2
i fs(t) " " 5(t) T
e Force-velocity duality: and form a duality pair
| (1) | w3 |

e Justification:

> The translational kinetic energy can be justified by v*(*) = Rzgg Y t)'vb(t)
o The rotational kinetic energy can be justified by ws(t) = Rzg_}b( t)wb(t) and
10 = By i T (B )"
> The force-velocity duality can be justified by f5(*) = Rjgg_}b( 0 Fo) olt) = Rjg; ()

frame rules for v and w



Spatial-Frame Lagrangian Derivation

OL _ w0 9L _ ps
Ovs(t) Ows(t)
e Therefore,

d 0L d d

s(to) _ — a aa8(t0) s(to)

AR v B T T AT RO
d oL d d
s(to) @ s, s() _ 1, .8(t) s(ty), S(to) s 4 s(t)
4 dt fuste) dtI s(to)—b(2) —t. - [wS(tpo(to)]I “s(t0)—b(to) +1 dt “s(to)—b(?) —t,
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Spatial-Frame Lagrangian Derivation

OL _ w0 9L _ ps
Ovs(t) Ows(t)
e Therefore,

d 0L d d

s(to) _ — a aa8(t0) 4 s(to)

AR v B T T AT RO
d oL d d
s(to) _ @ s, s() _ 1, .8(t) s(ty), S(to) s 4 s(t)
4 dt fuste) dtI “s(to)—b(2) —t. - [wS(tpo(to)]I “s(t0)—b(to) +1 dt “s(to)—b(?) —t,

¢ In matrix form, we have the famous spatial frame Newton-Euler equation:

mIdgxg 0- -’i?s n I 0 ) . fs-
0 I’ |w’ | w® X Tw® T5

in which the precise definition of symbols are as above.
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Example: Robot Arm

< robot_ar



Robot Arm

e For kinematic chains with n joints, it is convenient and always possible to choose the joint angles
6 = (0,,...,0,) and the joint torques 7 = (74, ..., T,) as the generalized coordinates and generalized
forces, respectively.

o If joint 7 is revolute: @; joint angle and 7; is joint torque
o If joint 7 is prismatic: 6; joint position and 7; is joint force

e Lagrangian Equations:

d oL aL

T3
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Foreachlinkz = 1,...,n, F; is attached to the center of mass of link 2. All the following quantities are
expressed in F;

® 5?: twist of link ¢

Some Notations

e m,;:mass; I z.b: rotational inertia matrix;

.mg:

i miId3><3

0

0"
Ib

i

: body inertia matrix

e Kinetic energy of link ¢: T; = %(ES)Timf'Ef
o J’ € R®*™: body Jacobian of link

<

step-35



Kinetic and Potential Energies

e Total kinetic energy:

n

7(6,6) = £ S (€)ME = 167 (A@MIH0)6 = 16" M (0)6

=1

e Potential energy:

> h;i(0): height of center of mass of link 7
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Lagrangian Equation

e PlugL=T—-Vinto F = 4 9% _ 2L and we have

dt Og 0q’
d OL OL

.T'E.:

M;; is the (4, j)-th entry of matrix M?°
¢ I‘S’jk(ﬂ) is called the Christoffel symbols of the first kind

b b
o 6 = L (2 | OMy O
)~ 3\ 86, ' 08; 06,

37/41 < step-37



58/41

Lagrangian Equation

e Lagrangian equation in vector form:
= MP"(6)8 + C°(6,6)6 + g°(6)

0 C;}(Q, 9) = ZE=1 I‘?jkék is called the Coriolis matrix

m Recall that in the body-frame Newton Euler equation, we also have a Coriolis term that comes
from the derivate of rotational inertia. It was used to compensate for the rotational acceleration
of the body frame

m This C;} (6, 9) also comes from taking the derivative of M° w.r.t. §. Because M and &’ are

described in the body frame in our derivation, we also need this Coriolis term to compensate for
the movement of the body frame.

gb(ﬂ) is due to gravity in our derivation. If there are other external forces (e.g., friction), it would also
show up here.
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e Equations for a simple arm

[112 = (Ly2 — 1,2 — szf)CzSz + (I3 — I.3)c23523
— maz(lica + raca3) (1182 + 12823)
I’'113 = (IyS - IzE)EEESEE =" ma‘?‘zﬁ'zg(flﬂz i Tzﬂzg)
A 121 = (Iy2 — 122 — mz’*"?)ﬂz-iz + (Iys — I.3)c23823

— ma3(lice + r2ca3)(lis2 + r2s23)

My, = Iyz-?% + 133333 + I+ Iz?c% + Izgﬂgg

e 5 131 = (Iys — I.3)c23523 — marasas(lica + ra2ca3)
—I— mngﬂg —|— mg(glﬂg —|— Tgﬂgg)

A

h 01 Mrd =0 211 = (T2 — Iy2 + ‘mzrf)czsz + (I.3 — I,3)c23823
/’f—‘\\ M =4 + ms(lica + r2c23) (1182 + T2523)
\-—r_—/ : Mo =0 I'223 = —limarass

:':\\::,/ Moy = I + Iz + mali 4+ mori + mars 4+ 2msliracs 232 = —limarass
o M3 = I3+ mars +maliracs F2s3 = —himarass
| \ & :
; M3 =0 I'311 = (f,za — IyS)CEESEB + mETZSES(IICE P Tzﬂza)
f’“\: lﬁ Y 5 M3y = I3 + mars +maliracs
g B -1 [5 = Maz = I3 + mara. I'322 = l1marass

0
_(ng*rl - mEgll) COS 92 — M3ro CGE(92 L 93))
—m3gry cos(fy + 63))
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e Equations for PUMA 560 Arm

I

Iy =

I

I+

]

L=
Ijp=
Iy =
In=
Iya=

Iya=

Part
h =
h—_‘
h:
h =
ﬁ:

Toeg + mg s [rea? 4+ r0?) # [my + my + ms 4 mg) eas? §

_Il-.l'l + I'“ +{m;+m. + my + Fﬂll'-'ﬂll
mg *rzgt = mger’

my*rey®(ds+raa)+myeageryy
+{ms 4+ my +my +mg) vag e (dy +ds) 3

—~Miy ®ilg * Fyy + My 4 ms +mg)eagsdy +myeagery |

Toa+mygsrgn? +myeag? +mg o (dy +r24)" + Ipa
4ms say? +mg o d,? 4 Loy + mg o ag? + mg = d,
+ Mg * r.li-'+f.ll'l =

I'H:r*rj-:"l' . -Itnj + My 'l'u’ +2emged,nry,
~Fyys +mg o rse® —Ligg + Lean 1

=y w (dy +ds) o (dy +rpq) = (ms + mg) e (dy +dy) e dy
iy ® Py *rog g o (dy + dy) o rys g

mg ¢ ryz * [dz + P2l
2emgeagvrg +2o[my 4+ mymg)eaged;;
—2emger,gérg|
(rray + ms + mg) #dg b dy §
(Mg + mig 4 oy ) wag e {dy +dy)
Fovan + Tyus + Tees §
mgedyer§
titg * g * Fei §
Toes + Issa +mg g §
mgwe(dy +dy)ore
loys = Fena + loas = Dy + g 0 v 4 Logs — oo §
Tyys — Tzzs — g o rog® + Toos — Lngn §
Taze — Tyyn + Taus = Luns &
Mg 0y *Fys §
Fazo i
II. Gravitional Constants
=g * ((ms + my + my + mg) » a3 + mg eryg) 5
grimy orys —(my +my+mg)ody —myery);
gemgirg g
—g=(my +ms +mg)eay;
= Mg ® Fpy §

Table AS. Computed Values for the Constants Appearing

in the Equations of Forces of Motion.

(Toertial constants have units of kilogram meters-squared)

I, = 143 + 0.06 Iy = L1715 + .07

Iy = 138 + 0.05 Iy = 6950x10~"'+0.20x10-!
Is = 3.72x107'2031x10"" [J5 = 3.33x10~'+0.16x10~"
I; = 298x10°'2029x10~' Jy = —1.34x10"'%0.1d4x10"!
Iy = 238x1077%1.20x10°% [ = -2.13%10-? &+ 0.22x10~?
Iy = =142%107? £ 0.70x10"?  [;3 = -110%x10-? +0.11%10~"?
fis = =3.T0x10~* £ 0.00x10~* [, = L164x10~?+0.07x10-?
his = 1.26x107 £0.30x10~* [y = 1.24x10~? 4 0.30x10~*
Iy = 6A2x107" 2300x00* [,y = 4.31x10*+1.30%10~*
I = 3.00x107" £ 14.0x107* [ = -2.02x10~* + 8.00x10—*
Iss = =1.00x107" +8.00x10~* [y = -5.80%10~% 4+ 1 50x10~3
f3s = 400x107% = 2.00x10~3

Imy = LI4 +0.27 Iz = 471 + (.54

Ima = 827107 £0.03x10~' [ = 200x10-' +0.16x10~"
Iws = LTOx107' 20.04x10~' [.4 = 1.93%x10~' +0.16x10~"
(Gravitational eonstants have units of pewton meters)

g = -372 + (0.5 B = -B.44 + 0.20

gs = 1.02 + 0.50 B = 240x10-' £0.25x10~!

B: = -2.82x107? + 0.56x 10~

Table Ad. The expressions giving the elements of the kinetie
energy matrix.
(The Abbreviated Expressions have units of kg-m?.)

ay, = .fﬂ.u +I|.+fa «0C2 4 .I"T « 5523+ f.ngL‘ﬂ+I“ « 502
+la0* [S55 ¢ [SS52Be (1 +CCH) = 1) =2+ 5023« T4 5C5)
+l3i # SSeCCA+ 20 {Is v C20 5284 1532 C2+4C23
+1is ¢ (5523« C5 + SC23e 04 = 55)

412 C2e (52« OS54+ 023+ Cd = 55)
+Iia v 5S40 554 33« [SCTB« C5+ CC23« Ch v 55)) 4

2= 257 + 138002 + 0305523 + T4x107'« C2. 523 .
Ay = [io 524+ L4 CR 4+ L2 C24 Nha e S23 =[x 2 C230 54+ 55
+l ¥ 52 S4 o 554 11y #5223 Cd» 55 - C3 e OU5)

+lip* S e SCU+ I3y 2 Sd e (S« Ch e OO5 4+ C23 « 5CB5)
$l39 0 5230 5S40 55 3
= 0.90x10" e 52 - L34x107'eC23 + 238x107%e 72,
gy = [yoC 4 [0 S =djsw CT3 0 Sdo 554 [140 5230 504
v [STAv Ch e 565 =C230C5) + Jg3 9 523+ 544 55
g0 ¢ S e (523 C4 e CO5+ 0230 5C5) 4
m -1.3x107' e 023 + —307Tx107%4 523,
Ay =l eC2+ 130532 Cde S5 4 N 1go C2a Tl e 56
*Jav 0230 S e 55 =[5 =[S23eCae S5CH+C23s 555)
+laa v O3 Th 0 553 0.
dyy = .i’,;-SH-SJIlﬂ'E+I“-GI-Sin ﬂ-ﬁl*l-fulmisi
2 (523 55-CA e ChnCi) + Iga 2 C230 54005
& 0,

gy = fyu 0 [C23e 05~ 5232 C4=55) ¢

Oy = Ima+Ig+ Is+ Iso v 5540 555+ I3, » 554
+='{Il's=+f|lim+f_" w75
Flu v (530 CE+ O30 Chw 55) + Iya e Cd e 55} ¢
= 6.70 + TAdx10-"'«53.
Gas = I3 o534 Ly + D39 C34 11 ¢ |53+ 05+ O3 Cie §5)
'+'J-"|lSS'iSSﬁ-*-f'].E.Eihl-ﬂltf“_iﬂﬁ.*.f"-ﬂ'i-SE}:l
s 383 4+ AT2x107'# 53 — L10x10"?s(C3.

gy = =fy o S4e 55 - [+ 535455+ 15 « 54505
L- N |

o3y = Lig e CAeC54 Iy ¢ [C39 554 53« Cd e C5)
+lyr o Ch+ lgg» 55 3 - | [

dgg = lg3 » 54 ¢ 55

dyy = I.-.l+I|+I“"SS‘-555+I1[|‘55":
+20 [Jjs o C5 4 I3y » Ch e 55} 3 == 1.16 .
gy = =Ji 0S40 56+ Jyuw 54505
m =1.26%10"2 s 540 55.

dyy = Dy e G O5 4 Nyg o Cd+ g 55
e 1L25x10"* « T4 e C5 .

e=0.

=2

agg = Jyq o Sde 55 =0,

gy = fog+lia=Tse 555 2 0.20 .
ays = 0,

ges = g 0 0By 0.

ags = foq 4Ty == 0.18.

agg = 0.

Big = Fopa +Ina g 2=0.19.

““

biia = 20 (~Ly 4 SC24 [, C228 4 1; + 5023 = I, » 5223
+133 ¢ (29 SC234 C5 + (1 - 2+ S523) « Cd » 55)

ﬁ'l 13

LT

bi 13

LT

'bl‘.lil

EI i

a'I?E'r

bygs

‘I -1

biis

iI-'S\"-'r

byaz
byi4

byys
bazs

L2 (2230 OO0 =~ S22 Cd e 55) + I3y » SC23 = O
+lan# ((L+ CC4)« SC23 0 555~ |1 — 225523}« Cd » 5C75)
+lyg v ((1 =20 5523)0C5 =2+ 5C23+Cd # 55)}
+how |1 -2« 5523) 4 [}, + (1 -2+ 5582),

2 =270 502 + TAx10"" e 0223 + 060« 5023
- 203107V s |} -2 5523).

=2¢{[y2C2+C 4 1o SCW - [13+C2+ 523
+ls 0 (205023 054 (1 =2+ 5523) « Cd = 55)
40 #C2e(C23eC5 = 5230 Cdw 55) + Iy, » SCI3e CCH
+l30 2 (1 + CCH) 0 5CT3 0 555 - (1 -2 5523)« Ch» 505)
+lgs v [(1 =29 5523) ¢ C5— 2% 5C23 = Cd = 55))
+lov (1l -2 5823}

= TAHMx107"' « 020023 + 0.60« 5023
+ 2201070 C2e 523 - 2.13x107 %« {1 -2+ 5523).

=2e |-l o SCIIw S40 55— [+ C2e 02 540 55
+Lig o Chn 55 = [350 (55230 556+ 5C4 = SC23 = 549 SC5)
=T33 v CC o 54 e 55 = I3, v 5523+ 5C4}y

2= —250x107Y 4 SO23e S4 0 55 + B8.060x107 "« Cd e 55
- 248x10" " e C20 230 5S40 55,

= 24 {Jgo o (505 [OC4+ |1 - 0CC) - CCR)
~50232Cde |l =20 556)) = 115 ¢ (5523 556 - 5C23+ U4 C5)
~Iis s C2# (5238 55~ C220 ChsC5) + I;s s S4+CB
+1l33 ¢ (CCW s Cd o C5 - SC23+ 55)} 5
rx =2.50x107* » (5523 % 55 = SC2 e Cd = C5)
= 248x10"? e 024 (52355~ C23« C4+ 5)
+ 8.60x107% « 54+ C5.

= .

=28 (-[y25B34 113+ CR+ [+ 523+54+55
a2 (CReCla 55+ 502 05) 4+ 115+ C23:5C4
+J30 0 5S4 (023 Ch o CC5 - 523 = 5C5)
+J3a #0234 540 55) ¢

= 26Tx10""' 523 - 7E8x10"%e(023.

= =Jig 0205080544564 113+523=(1~(2+554))
+l0 #5234 (L =20 554+ CCH) = 1)y » 523 =0,

=lreC2 eSS4 4 [y 92+ (523 C4=C54C23+55)
+l30 e S4# (C23 (L— 2+ 555) - 523« Cd=2+ 5C5)
=0,

==l ¢ [5232C5 4+ C23 2Tl » 55) =0.

bysse = byge -

=20 [y S Cl o054 [14oT2¢CH+C5
+ha 2 C2I 0S40 Cb 4 I3 o C23e CheC5) + 1y # 5230 C4
=I5 ¢ (S0 Cha (1l =22 555)+2+C23= 5C5)

1

m [y #5230 5S40 55 ra ).
= =lgy o [C2I 0 Sb+ 523+« T4+ C5) 4
=0. bays = 0.

=Iq 05284 115+ 5230 (1 = (2 554))
+2e [~Jis e C2V2 Cd o S5+ 1y 0 52040 55
+l30 % (523 ([CO5 OC4 - 0.5) 4+ C23« Cd = 5CB5)
+IHI_5'2=lﬂ'l-iSﬂ.I':
2 16410« 523 — 250x107* s+ C23+ Cde 55 +
ZABX10 Y0 520 Cd e 55 + 0.30x107 2« 5230 |1 — (2# 554)).

s iIl'l - l'Iﬂil - !'Iil- .

=0.

Byps =20 [=J3 o CIBa S5+ I3y o STV S54+ 05

4115252 54+ Ch) - L1y« CHs 5
+lao e (C28e 5S4 s {1l -2+ 555) -2+ 523+ 5C4+ 5CE)

2= —250%107Y s T23e S 05 4+ 24810722 52+ 5405
- GA2x107"« C23s 54.

= _bl]l *

=20 (=Jig ¢ 534300341150 (03+C5-53«Che56)}y
= 2.20%10" 2w §3 4+ T4dx10-1C3 .

bage = 20 {~T1s v O3+ 54+ 55+ 39+ 5C4 e 555

403 9 5C4 — Izg » 540 55)

2 =2 48102 e (730 54 55,
bygs = 20 (=130 55+ N2 (C3e 405~ 530 55)
+l20 e 5540 505+ I33» Cd = Ch) 4
m —-250x10"2 55 + 248x10~ s [(C3eCdsC5~ 53 55).
byge = 0. brsy = byay
byas = byas . byag=10.
byys =20 [=Tis e 5405 =[1u» 53054005}
=Jise 5S4+ I3 e 54¢(l =2+ 555); ez,
boysa = Faa v Cd =56 e .
bose = [ga s SdeChHy 2 0.
byyg = 0., baja=0.
byja = 2» |-I]5 « 023 T4 554 [33 485230 Cha 55
+130 2 (523 (CO5« OC4 - 0.5) + 023+ T4+ 505))
+l14 o 523+ [1a #5231 = (24 554));
= =250x1072 « C23« Cde 55 4 1GAx10"%e 522
+ 0.30x10~? « 52X+ (1 -2+ 554) .
byys = 20| =T+ C230 5405 + Jyg » 523+ 54 75)
~Jy7 =« 023 54
+lgo # 540 (C23e (1l =20 555) -2+ 523 Che 5C5) 3
= —250x1072 s 023+ 54+C5 — GA2x107Y 23+ 54 .
bage = —byae - bass = 0.
ﬁ,,:q =aw [.Im * 504+ 555 '!‘I” . ST - J'" -Si-SE} i
- 1
bags = :‘1—115155+fgni S54« 505+ [y iﬂliﬂﬁ} i
= —-2.50x10"« 55 .
byge = 0. bysy = bagy -
bass = bags . byss = 0.
bags = =5 02054005~ [ 12054+ Iy * S4e(l-22555;
m =2.50x10"*« 544 C5 .
Bags = byys - Ease = Byys » bypg = —baga -
byiy = —baye - bypy = 0.
beas = —Jao» [S23+Cls (1 -2+ 555)+ 2+ 023+ SCH)
=Jiy n523=C4;
s =420~ e S22 C4 .
buza = —bjye - bygs = ~bagy . bygy= 0.
bygs = hir =S4 + I -S'itfl.—I«-SEEh
e GA2Zx10"Y e 54 .
bage = TR bysa=0.
bass = byas » byse = —byys -
byis = =J3a 02+ 505 =0.
bysa =03
I“HH-IH'SSII ﬁﬂ-
bsra = —byys » byis = ~byys « Byye = =byys «
byjs = 0, byia = —byss bygs = —bygs .
Iu“. = —ﬁ“! M 5'"'.5 = . '!'I-I'l-l= _‘bﬂ-i .
bssg = bsg « bigs = 0. byse = —hse »
bgyy =10, byys = —bysa - byge = 0.
bsia = bygs » bops = byse » bere = bras +
bars = bysa - bgjo= 0. bygs = 0.
beay = bpan - bugs = byss « byze = 0.

besa = 0.
basa = 0.

bu.u‘-‘ beas -
Bess = 0.

bgss = bega .

Beas = byss »

Table A8. The expressions for the terms of the centrifugal matrix.
(The Abbreviated Expressions have units of kg-m?.)

'E"]| = ﬂ-
0 C2=[B8aS523-[0e 52413+ C12

g =
411425230 542554 [js+C2e54+ 55
+hs o (C230 Cle 554 523 C5) 4 I3 2 C23e 5CH
+l30% 54+ (C23+ Ch+eC5 - 523+ 5C5)
Hlag e O # Sd e 55
= 6.90x107' e C2 + 1.34x10~"« 523 — 238x10~74 52,
Cig = ﬂ.ﬁlhgt-
ey = =l;3e8523e54e85-[,5+C2+54+55
+hy 2 C2 e Ch e 55+ I3 0 523 540 505
~fag e 0230 54+ 55 =0.
tgg = =lyeS523e 5408551140 02¢54055;
+ha v (5234 C5 4 C2B0Che 55) = I35 0 C230 540 55
= D,
re = 0. ey = —D5ebyy,.
-Ell - u. E’. = ﬂ.-ﬁ-b“:-.
fgq = —~.f".-ﬂli-55r--f“-Silﬂl*55+fn*¢i-5¢51
= D.
vgs = =DseCanS5+050[C3405~53¢C1055)
+l3q 0 Ch 3 =0.
Bgp = 0. l!-"a[; “D-.&#bu: .
cag = =83« rsy = 0.
Cag = -I]ﬂ.'cl‘sﬁ+1‘ju‘ﬂ"-5{:51
= —-12x10"%«Cile55.
tag = =[3oCleS54+13+Ch3 - - T
e = 0. = —050by,,. g = =059byy,
fja = ll'..'.l--rh" . Cgq = 0. £yy ™ 0.
e = 0. esp = —05ebys. ey = =05wbygy
csa = Dowhygs . csg = —05ebys. ecy= 0,
Cig = ﬂ- Eﬁ.l = 0- !ll = u.
tay = 0O, cgq = 0. e = 0,
Cgn = ﬂ-

Table AT. Gravity Terms.
[ The Abbreviated Expressions have units of newton-meters.)

Br =gleC2+92¢52349g3¢524 940023y
+g5 523 C5+ C23+ C4» 55)
fr =3T202 — B4=523 + L0252,
By =g2e523 40400234 950523005+ 023 Cle 55) 3
g =-B4e 523 + 0.25=023,
Bi = —@g5+ 523+ 544553
e 2Bx10"Y e S23 0 S 55,

gy =ghe(C23¢ 554+ 523+C4+05)
m —-28x10"7 s (C23+ 55 + 523« CheCB).

g =0.
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The flow and some contents are based on ECE5463 taught at Ohio State University by Prof. Wei Zhang
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